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Relation (¥9F)

Pre-Requisite:-

Ordered Pair:

Let A ,B be two non-empty setsand a < A and b € B. Then (a,b) is called an ordered pair and a,b
are called the first and second coordinate of the ordered pair (a,b)

Cartesian product”

The Cartesian product of the two sets A and B is denoted by AxB and it is the set of order pair
of elements (a,b) where acA and beB.
i.e. AxB ={(ab)]acA and beB}
e.0. A={1,2,34,5}
B = {5,6}
AxB ={(1,5), (1,6), (2,5), (2,6), (3,5), (3,6), (4,5), (4,6), (5,5), (5,6) }

Definition of Relation:

Let A and B be non empty sets. A relation between.A and B is denoted by R (or p ) and is a
subset of A xB.
ThusR < AxB

If (a,b)e R, then obviously (a,b) e Ax B and we write aRb and read as “ a is related to b” .
Again if (a,b)¢ R then we write a (~ R)bior.aRb and read as “ a is not related to b”

Examples.

Let A={1,2,4} , B={46} /.. AxB={14)(16)(24)(26)(44)(46)}
let R ={(14),(1,6),(24),(2,6).(46)
Here , R < Ax B._and therefore R is a relation from A to B.

Domain & Range of a Relation: (@3 3 I5717)

o Domain :(&T)

Let R be arelation from A to B . The domain of relation R is the set of all those elements a € A such
that (a,b)e R form some beB.

Domain of R is denoted by Dom(R) = {a € A:(a,b)e R forsome b e B}

o Range (F¥19)

Let R be a relation from A to B . The Range of relation R is the set of all those elements b € B such
that (a,b)e R form some ac A.
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Range of R = {b e B:(a,b)e R forsomea e A}

o Co-domain of a Relation (&7 G%3)

If R be a relation from A to B then B is called the co-domain of relation R.

Examples

Let A={1,2,37}and B = {36}

Let aRb means a <b.
Then R = {(1,3),(1,6).(2,3),(2,6),(3,6)}
Here ,
Domain R = {1,2,3}
Range of R {3,6},
and Co-domain of R =B = {3,6}

Inverse Relation

Let A, B be two sets and let R be a relation from a set A to a set B. Then the inverse of R,
denoted by R, is a relation from B to A and is defined by R™ = {(b,a): (a.b)= R}
Example : LetA=1{a, b,c},B={1, 2, 3} and R = {(a, 1), (a, 3), (b, 3], (c, 3)}.
Then, (1) R* ={(1, a), (3,a), (3, D), (3, )}
(ii) Dom (R) = {a, b, c} = Range (R 1
(iif) Range (R) = {1, 3} = Dom (R™")

Empty Relation/ Void Relation (797 ¥5%)

A relation R from A to B is called an empty relation or a void relation from Ato B if R=¢

Example;
Let A={2,4,6},B={7,11} andlet R={(a,b):ac AbeB and a—b iseven}

Relation On a Set

A relation R from a non empty set A into itself is called a relation on A.
i.e. if A'is anon empty set, then a subset of Ax A is called a relation on A.

Examples:

Let A{1,2,3} and Let foraa,b e A,aRb meansa > b.
Then R ={(31),(3,2),(2,1)} is a relation on A.
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Identity Relation (9% ¥9%)

A relation R on a set A is said to be the identity relation on A if
R={(a,b):ae Abe Aand a=b} Itis denoted by Ia.

Example:
Let A={2,4,6} then 1, ={2.2),(44)(6,6)}

% Types of RelaTion : (3T JFI(OT)

Empty Relation / Void Relation (3797 ¥9%)

A relation R on a set A is called an empty relation or a void relation from Ato A if R=¢

Example:
Let A={7,15} and let R={(a,b):ae Abe Aand a—b s odd}

Universal Relation (919 59%)

A relation R on a set A is called an Universal.Relation R = Ax A

Reflexive Relation (F9¥ 9% )

Let A beasetand R be the relation defined on it. R is said to be Reflexive if aRa holds for every
aeA.
i.e. R is Reflexive if (a,a)e R forall acA.

Example

e greater than or equal to" is a reflexive relation but "greater than" is not.

Symmetric Relation (IS5« 75%)

Let A beasetand R be the relation defined on it. R is said to be Symmetric if aRb=bRa
v/ (a,b)e R.
ie. R is Symmetric if (a,b)eR=(b,a)eR V (a,b)eR.

Example

e "Isablood relative of" is a symmetric relation, because x is a blood relative of y if and only if
y is a blood relative of x.
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Transitive Relation ( iFHT ¥FF )

Let A be asetand R be the relation defined on it. R is said to be Transitive if
aRb and bRc= aRc Va,b,ce A

Example
e |f the straight line A is parallel to B and the straight line B is parallel to C then the straight line
Ais parallel to C

Antisymmetric

Let A beasetand R be the relation defined on it. R is said to be antisymmetric if
aRb and bRa=a=b VabeA

Equivalence Relation (F¥9IoT 5595 )

A relation R defined in a set A is said to be an equivalence relation , iff
i) R isreflexiveie. aRaVae A

i) R is symmetric i.e. aRb = bRa
iii) R istransitive i.e. aRb and bRc ='aRc

Important Results on Relation

« IfR and S are two equivalence relations on a set A, then R 1 S is also on ‘equivalence
relation on A.
« The union of two equivalence relations on a set is not necessarily an equivalence relation
on the set.
: - 5 .l - ) P s
« If R is an equivalence relation on a set A, then B is also an equivalence relation on A.

« If aset A has n elements, then number of reflexive relations from A to A is 2“2—“

&
Total number of relations = 2“3

« Let A and B be two non-empty finite sets consisting of m and n elements, respectively.

Then. A x B consists of mn ordered pairs. So, total number of relations from A to B 1s
=~ T

Example
e For a parallel straight line A is parallel to the st. line A. So the relation “parallel” is reflexive.
If the line A parallel to the line B then B is parallel to A i.e. the relation “parallel” is
symmetric.
If the straight line A is parallel to B and the straight line B is parallel to C then the
straight line A is parallel to C. i.e. “parallel” is transitive.
i.e. Here the relation “parallel” is an equivalence relation.
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o Let A={1,23}.Then
i) R, ={(11),(2,2),(3,3),(1,3)} is reflexive and transitive but not symmetric.
i) R, ={(11),(3,3),(1,3),(31)} is symmetric and transitive but not reflexive , since
(22)¢R,
i) R, = {(11),(2,2),(3,3),(1,2),(2,2),(2,3),(3,2)} is reflexive and symmetric but not
transitive, since (1,2)e R, and (2,3)e R, but (1,3) ¢ R,

» Problem : If R be arelation in the set of integers Z defined by
={(x,y):xeZ,yeZ,(x-y)is divisible by 6} then P.T. R is an equivalence relation.

Solution:
Let xe Z. Then x—x=0 and 0 is divisible by 6.

Therefore , xRx Vxe Z
Hence , R is reflexive.

Again , XRy= (x—y) is divisible by 6
—(x—y) is divisible by 6
= y—Xx isdivisible by 6
= YRx
Hence R is symmetric.

xRy and yRz = (x—y) is divisible by6 and (y.— z) is divisible by 6
(x y)+(y—2z)] is divisible by 6
X —z) is divisible by 6

= sz
. R is transitive.
Thus R is an equivalence relation.,

> Problem: On the set:Z of integers, define a binary relation p by apb iff a+b be even. Show that
p is an equivalence relation.

Solution :

Here the.relation p in the set Z is defined as p = {(a,b) ‘a+bbeevenV abe Z}
As, a+a=2abeeven VaeZ ,hso apa
Therefore, p.isreflexive.

Let a,be Z and aphb.Then a+b isevenandso b+a iseven. Hence bpa.
apb=bpa VabezZ . p issymmetric.

Next, let a,b,c € Z and apb and bpc.

Therefore, a+b and b +c are even.

—a+2b+ciseven = a+cCiseven = apc

.apb and bpc=apc VabceZ

. p istransitive.

Therefore, p is an equivalence relation.
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> Problem : A relation R on the set of integers Z is defined by R = {(a, b):a,beZ and |a —b| < 5}.
Is the relation reflexive , symmetric and transitive ?

Solution : Let ae Z . Then |a—a| =0<5. Therefore aRa holds Va e Z . So R is reflexive.

Next, a,b e Z and aRb holds = |a—b| <5=|b-a|<5= bRa holds Va,b e Z
So, R is symmetric.
Again let a,b,c e Z and aRb and bRc =>|a—b|<5 and b—c¢|<5
Now, [a—c|=|(a-b)+(b-c)<[a-b[+|pb-c|]<5+5=10
Therefore , |a—c| <5 does not hold always.
Hence R is not transitive.s

» Problem : If R and S are equivalence relation on A prove that,
(i)R™ is an equivalence relation.

II)R NS is an equivalence relation.

Solution :

i) Since R is an equivalence relation therefore R is reflexive , symmetric and transitive.
Let a,b,c € A be arbitrary.

The relation R™ is
a) Reflexive: (a,a)e R™, since aRa holds V(a,a)e R
b) Symmetric: (a,b)e R™,since (a,b)e R™ = (b,a)e R = (a,b) € R as R is symmetric.
= (b, a) eR?
c) Transitive: (a,b),(b,c)e R™* = (a,c)eR*
Since, (a,b),(b,c)e R™ = (b,a),(c,b)eR
= (¢;b),(b,a)eR
=(c,a)eR as R is transitive.
= (a,c)eR™
Therefore R™ is an‘equivalence relation.

ii) Forall ae A, (a, a)e R and (a,a)e S,since R and S are equivalence relations. Hence
Yae A, (a, a) cRMNS. Hence RNS isreflexive.
(a,b)eRNS = (a,b)eR and (a,b)eS
= (b,a)eR and (b,a)e$S
= (b, a) eRNS
Therefore , RN S is symmetric.
(a,b)eRNS,(b,c)eRNS = (a,b)eR,(b,c)eR and (a,b)eS,(b,c)eS
=(a,c)eR and (a,c)eS
= (a,c)eRNS
- RS s transitive.
Hence RN S is an equivalence relation.
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Problem : Determine the nature of the relation R on the set Z defined by aRb iff
abezZ and ab>0

Solution :

Let aeZ. Then a—a>0.So aRa holds Vae Z
Therefore R is reflexive.
Nextlet a,beZ and aRb.

Then ab>0=ba>0 = bRa.So R issymmetric.

Again , let a,b,c >0 and aRb,bRc

Then ab > 0,bc >0 = (ab)(b.c)> 0= ach® >0 = ac>0 provided b* # 0s
[eg.ifa=1lb=0,c=-3 then ab=1.0=0>0 ; bc=0(-3)=0>0 but ac=1(-8)=-3<0]
Hence ab > 0,bc > 0 do not always imply ac > 0.

So, R is not transitive.

Some more relationS

Partial Order

Let A beasetand R be the relation defined on it. R is said to be Partial order on A if itis
reflexive , antisymmetric and transitive.

Linear Order

Let A beasetand R be the relation defined on.it”. R is said to be Linear order on A if itis
1) reflexive , antisymmetric and transitive.
i) aRb or bRa Va,beA

Equivalence class

For an equivalence relation R on a set A, the set of the elements of A that are related to an element, say a, of
A is called the equivalence class of element a and it is denoted by [a].

Example : For the equivalence relation of hours on a clock, equivalence classes are
[1]1={1,18, 25, ...} ={1+ 12n: n € N},
[2] =42, 14,26, ... } = {2+ 12n: n € N},

where N is the set of natural numbers. There are altogether twelve of them.




